y - - -

e e a — —

DEPAR1

- \_-.0 9 \? T
AM

'ITLE OF THE PROJECT

ATHEMATCS

AAMIR SOHAIL ABDUL SALAM

2017015200195924

M.SC MATH. 4 SEM (2021-2022)
LINEAR INTREGAL EQUTION
MAT -511

INTEGRAL EQUATION AND

LINEAR INTEGRAL EQUTIONS




1 History of integral equation 1888-1903

J. F@uner (1768-1830) is the initiator of the theory of integral equations. A
ferm integral equation first suggested by Du Bois-Reymond in 1888. Du Bois-
w define an integral equation is understood an equation in which the
unknown function occurs under one or more signs of definite integration. Late
eighteéenth and early ninetieth century Laplace, Fourier. Poission, Liouville and

Able studies some special type of integral equation. The pioneering systematic

anvestigations goes back to late nineteenth and early twentieth century work of
‘volterra, Fredholm and Hilbert. In 1887, Volterra published a seri¢s of famous

‘papers in which he singled out the notion of a functional and pioneered in the

development of a theory of functional s in theory of linear integral equation of

special type. Fredholm presented the fundamentals of the Fredholm integral

equation theory in a paper published in 1903 in the Acta Mathematica. This

paper became famous almost overnight and soon took its rightful place among

thégems of modern mathematics. Hilbert followed Fredholm's famous paper

with a series of papers in the Nachrichten of the GUttingen Academy.

1.1 Functional

A functional is & generalization of the notion of a function of a finite number of
numerical variables, defined by Aristotle D. Michal

1.2 Integral equation
Inte ion 1 ation 1 I known, say & function of a
Tutegral equation is an equation in which the un - . '
-ﬁé:ﬁét-icaleqvmiable. occurs under an integral. That means a functional equation
imm'tvmg the unknown function under one or more integrals. For example,
3 1
(o) = 1(2) +5 [ e*=yoa
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/- linear Fredholm integral equation defined by

f(2) + f Kolt, 2, y(t))dt = 0

0 then above defined Volterra and Fredholm Integral equa-
G‘g 2NEeous type Otherwise non hormo geneous. Main — et
'd Fredholm Integral equations are range of integration in
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/ (zy — t)p(t)dt + f (@ —t)e(t)dt (9)
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ion, there are two types of integrals. First one has finite range
; variable range. Theve are two way to think about this integral

on according to domain.
. If (z,t) € [wo,x1] and xo, 71 € R then aboye equation can be written

s

=Gy e 1 _;l : |
m(-ﬂ J“”Hml—zg ffi(x,t).w(t.)d_t (10)

L A
H(_g;,t) = {é(ﬂ.‘. - 7:)(171 — 1) L=

n look like a Fredholm integral equation.
t € [mg,T1] and z € R then, we can not covert as deseribed in case
t:ﬁée of 'inﬁ'eg;rai equation called Non homogeneous linear Volterra -

. ‘tegral ‘equation.

tion of integral equation
of integral equation i5 a funetion that satisfies the original integral

t the given functions are solutions of the corresponding integral equa-
check if kinds.

g =" 2?51“("’ — ty(t)at
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Ve e‘_*u(@)ét
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e = LW@J = —7 — hra; (th _1) y(t)di
) =1, 4(x) =1+ y(z) — ?e“‘n*“ly(-t)dt
3 y(t )t
o y(x) =1, B(z,q) = ft't-l (1= t)"=" y(t)dt. Rep >0, Reg > 0.

Reduction of first kind Volterra integral equation in
to second kind Volterra integral equation

. 712(_.1:)
Y(z) = j F(w,t)dt
ul(z)
2 ()

WD (z) = f Mdt+f’( ()t)a“?() Flul ()t)au;(r)

ul(:r)

eonsider a linear first kind Volterra integral equation

filz) + /\/K(t,:r}y(!)ciﬂ —= 1)

i}

tiating with respect to x, we get

FO () + f@_Ifj_zt_) (t)dt + K (@, 2)y(z) =0 (14)
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Relation between initial value problem of differential
equation and Volterra integral equation

Ul ".salut.m'n of the linear differential equation

N
3 axlepy® (@) = Fl@) (15)
k=0

continuons coefficients ai (), k=0,1,...V, given the initial conditions

y ¥ (zg) = Gk = 0,10 N = 1. i)




be reduced to a solution of some Volterra integral eq

erential equation. Suppose Ve nitial vale problem reduces

v (@) = p(a). an

IMegmtmg two times and using initial conditio

times integration, us and Leibnitz formula for n

1

(z—t)»1 rr 7
Tfﬁ—fﬁ’(ﬂch = f‘/.../-l,b(t)dtdt...dt
A 0 Ty my  xp
yW(z) = + f h(t)dt (18)
and i .
ylz) = Gy + (z— 70)C4 + f (. — B (t)dt (19)

Substituting y.(z)(;r:_), y (&), y(x) from Equs (11)-(13) in the original differential
equation, we get

b

U(z) = flz) + ] K (z, ty(t)dt (20)
where |
fla) = Fla)
and
Ki(z, t)=C

The theory of partial di fferential equations is another important source of
integral equations. For instance, the first-order partial differential equation

T _q(l.. TR0 — Zfi(tu z)um. (21)
k==l

with an initial condition of the formn
u(0,z) = h(z), v € D C R" (22)

equation of Volterra type, if appropriate conditions
hat the right-hand side of Eq. (15) represents

are satisfied. First, let us notice : > _ its
the derivative of the function w(t, x) along the trajectories of the diffevential
@(t) — a in Egs. (15) -

system Eq. (15). That mean we can substitute @ = @ |
(16). After this Eqgs. (15) - ( 16) become a initial value problem of ordinary

differential equation.

can be reduced to an integral
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? problem of differential equation in to

) +210@) +y() =0, y(0) =1, ()=

)+ ylw) = cos(z), y(0) = 0, y() = o

) =sin(z)y")(2) + e*y(z) = o, Y(0) =1, yO(0) = —1

mﬁh@} = 2ay(2) = 0, y(0) =1 12,y (0) = y@ () =g

Z __“tﬁal V&l’llﬁ pl'&)blem -Of h_eil.t. {-gquation

® Initial value problem of Laplace equation

'l.ihe'bamé problems arising in connection with a given functional equation
re the following:

» The existence of solutions; .

® The uniqueness problem — that is, what conditions should be added in
‘order to determine a single solution;

o The construction of the solution.

Construction of the solution of Volterra inte-
gral equation

ious section we showed an initial value problem of differential equation
t to Volterra integral equation. First idea fo solve such type of
we convert this problem in an initial value problem of differential
After this the solution of initial value problem of d’_iﬁfer-entia_l equation
uired solution. There are several way to construct the solution, we are
illustrate some of then as follows.

Picard’s method of successive approximation

rd’s constructed the solution of Volterra integral equation given by

e T (23)

) = F(@) + A [ Koty 1()dt (24)
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solution y(x) of Ey
fution gl -« (2) defined
a, T\.T} with M = sulen(i'.frfy)[

Jor 7 < 1 < :Cﬁ + 8, where
on D, .

hod of successive approximat;
i Proximations consists i 5 i sequence
innous functious sts In constructing the sequence

Un(@) = fz) + A / Ko(t, , yn—y(t))dt (28)

In
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[gal@) — yu—1(r)] < )\/|]fn'(t:ﬂfry-n-.|.(f)) — Ko(t, @, yn—2(t))ldt

Ty

£ XD f |1 (t) — 2O 8

T

< AML“"IE_—T“)—" (29)
i T

(z — =) (30)

|3(.r) - yrl('r)l S AML" ni

Exercise E,
hat existence and uniqueness of the solution of first kind linear Volterra

h‘&t eﬁiﬁm;riih f(r) — (), where kernels are given by

equatio ]

fet/= =

Bz, b= Y &
0,
K(zt) = i
ot*2
K(z,t) = 8+ )
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bﬁmﬂary value problen, of linear Ngh Grdione

N L .I .
I > ax(z) (2)y® () = pig 1)

k=0

Zb“y”(““]“ Cy, j=1,2.... N.

ent, we conside
ifferential equation

(32)

r boundary valye problem of linear second order

Y2 (@) + ao(@)y™ (@) + a ()y(x) = r(a) (33)
ylzo) = Cy (34) il
'y(.'r:l) — (8 : (35) = il |
yfz) (I) | dr(_L) (36) Ju - i
ating two times from 0 to z and using boundary condition; we get oy

( ; &—dip i ~ s j ,; () elt 37 I,
Di(z) = ff:f:_(xﬂm) ) s f{h —t)q/{t)dt:{:p(t)dt (37) I, ”
3 = Ci ('x—':cg)— j[(:r z0) (z1— 1)+ (mo—x1)]eb(2)dt
Ty — g
i ‘II )
: 39, :
c Gl 1)y (t)dt (39)
)~ 2= Ghe 20+ | L
I' II II III y
(z—za)(m ~ )+ (e mm) s B w
Gla.t) = { (z — zo)(®1 = t) T
' - R o — &y ](Il —1) :Jn(t)dt«i»f(l' — t)p(t)dt {41)
L G=Ci ) ——
G 3-? — o (e
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WLy = Ly (-'B -—‘-'ﬂ:u)i i "'--—-:-l'_a-.._E m(\ -
Ly

T1 = w)(z —t)

H,t) = {H'(x )

—(w— o) (zy — t)

6.1 Exercises

Reduce initial value probleyy, ity
Reduce of different; jon i i '
e sl equation erential equation in to particular Volterra u

* ¥2@) + 23 (2) + y() = 0, y(o)=1, y (1) =

* Y D(@) + y(@) = cos(z), y(0) =0, y0)( 1)=0

* YD (@) —sin(@)y®(2) + ¢y (s) = o, y(0) =1, y¥(1) = -1
® Y9(2) — 20y(2) = 0, y(0) = 1/2, yN(0) = y®(1) = 0

* Boundary value problem of Leat equation

» Boundary value problem of wave equation

e :'B'Oundary value problem of Laplace equation

7 Existence and uniqueness solution for Fred-
holm integral equation

Theorem 7.1 Let us consider Eq. () under the following fassumptz’ons. (z) flz)
15 a continuous complex - valued function on [To, ). (i) K(t, ) is o continuous
funetion on [xg, ©1]% [zo, 1] (2iz) |A|M (21 — :z.-u) < 1, where M = sup |K(t, )|
. Then, there exists a unique continuous solution y(z) of Bg. (9)-

8 Method of solution for Fredholm integral equa-
tion
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